Abstract. The existence of periodic solutions for differential inclusions with nonconvex right-hand sides is proved. As an application, an affirmative answer to the existence of an equilibrium for permanent multivalued systems with nonconvex righthand sides is given.
for example ecological differential equations with the state space R" (the positive cone):
x'i = xj^x), i= 1, , n, x = (x,, ... , xn).
For such equations, an important and interesting problem is whether permanence implies the existence of an equilibrium state or not.
Here (1) is said to be permanent if there exist m, M e (0, oo) such that, given any x e intR" (the interior of R"), there is a Tx such that every solution x(t) starting at x satisfies m<x j(t) < M, i = \, n, t>Tx.
Biologically, permanence ensures the long-term survival of all species. There has been a large amount of work devoted to this topic (see, for example, [3, 5, 7, [12] [13] [14] [16] [17] [18] [19] ). As argued in [17] , it is reasonable to expect a positive answer to the existence question above. This has indeed been proved by Hofbauer and Sigmund [14] , Hutson and Moran [18] , and Hutson [17] , In particular, in [17] Hutson gives a simple and efficient discussion of the problem by using the asymptotic Schauder fixed point theorem. There he also proposed the following open problem:
For the multivalued system
does permanence imply existence of an equilibrium state?
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When F(x) is a compact convex-valued upper semicontinuous map, this problem has been positively solved in our paper [21] , recently, by utilizing the asymptotic Schauder fixed point theorem and the approximation theorem of multivalued maps due to Zaremba (see [1] and [28] ). However, for the case in which F(x) is not necessarily convex valued, the problem remains open, and we would like to discuss it in the present paper.
As a general observation, we consider the existence problem of periodic solutions for differential inclusions of the form
where / is a multivalued map from R x X into X with a real separable Banach space. The problem has been investigated by many authors; see, for example, [8-10, 20, 23, 25] .
Here we are concerned with the following problem: If solutions of (4) are uniformly bounded and uniformly-ultimately bounded, does (4) have periodic solutions?
For ordinary or functional differential equations satisfying the uniqueness condition with respect to initial values, such results have been established by Yoshizawa [27] , Hale and Lopes [11] , Burton and Zhang [4] , However, solutions of (4) with respect to initial values are not necessarily unique, or convex valued. Hence, direct applications of asymptotic fixed point theorems, due to Browder [2], Nussbaum [24] , and Horn [15] , to the Poincare map of (4) seem to be impossible. To overcome these difficulties, we exploit a continuous selection theorem due to Colombo, Fryszkowski, Rzezuchowski, and Staicu [6] . Of course, in our discussion, some additional conditions on F(x) and f(t,x) are required.
The plan of the paper is as follows. In Sec. 2, using the continuous selection theorem and Horn's asymptotic fixed point theorem (see [15] ), we prove that under certain conditions, the uniform boundedness and uniform-ultimate boundedness of solutions for (4) imply the existence of periodic solutions; then applying this result, we give an affirmative answer to the equilibrium problem of (3) in Sec. 3.
2. Periodic solutions. The aim of this section is to present a general existence theorem on periodic solutions of (4).
First, let us recall some basic concepts, definitions and facts (see [26] ). Let X be a real separable space with norm |-|, and let Comp(X) denote the metric space of nonempty compact subsets of X with the Hausdorff metric h defined by h(A, B) = max{supdist(x, A), supdist(x, B)}. 
A map x: [0, <y] X is said to be a solution of (5), if x € AC([0, 00], X) with x(0) = xQ such that x'(t) e f{t,x{t)) a.e.
The following theorem is vital to our discussion.
Continuous selection theorem ([6, Theorem 3.1]). Suppose / satisfies (H,)-(H3). Then there exists a map jc: [0, co] x X -> X such that (I) for each xQ, x(t, x0) is a solution of (5) defined on [0, coi]. (II) The map x0 -► x(-, x0) is continuous from X into AC([0, co], X). (Ill) |x(/,x0)-x0| < exp(/0' k(s)ds) + |x0|(exp(/0' k(s)ds) -1)
+ So P(x) exp(/r' k(s) ds)dx, t € [0, co].
In the following, we also assume (H4) for each x e X, f(t + co, x) = f(t,x), for all t e R .
Thus a solution x{t) of (4) defined on R is said to be an eoperiodic solution of (4) if x(t + co) = x(t), for all t e R . (4) with x(0) = x0 satisfies |x(0l < B for t>T(M), then solutions of (4) are said to be uniformly ultimately bounded.
We are now in a position to state our main result.
Theorem 1. Let D,, D2 c X be nonempty, bounded, and convex such that D7 c D{ , dist(5D,, ZX,) > 0, and D{ is open and ZX, is closed. If solutions of (4) are uniformly compact for D] and uniformly D{-D^ bounded, then (4) has an coperiodic solution lying in D.
To prove this theorem, we need the following asymptotic fixed point theorem.
Horn's fixed point theorem ( [15] ). Let S0 c S, c S2 be convex subsets of the Banach space X such that S0 and S2 are closed and 5", is open relative to . Let P : Sf -► X be continuous, compact, and such that for some integer N > 0, PJ(Sl)cS2, 0 < j < N -I, and PJ{S{) c S0, N < j < 2N -1. Then P has a fixed point in S0 . Proof of Theorem 1. By the uniform compactness of solutions for Z), , there is an S e Comp(Z) such that for each x0 e Z), , each solution x{t) of (4) with x(0) = x0 satisfies x(t) e S for t > 0.
From the uniform D^-D-, boundedness of solutions it is known that there is a positive integer N such that for each x0 e Dx , each solution x(t) of (4) with x(0) = xQ satisfies x(t) € D2 for t € [Nu>, (2N -l)<y], By (6) and the boundedness of Z),, S, is bounded, convex closed, and P is continuous and compact. Obviously, S0 C Sl c5,. Thus, using (6) and (7) we get PJ{S{)cS2, 0 < j < N -I, Pj(Sl)cS0, N < j < 2N -1. By Horn's fixed point theorem, P has a fixed point x* e S0, which implies that x(a>, x*) = x(0, x*). Then (3) has an equilibrium in int(R"), i.e., there is an x* G R" such that OgF(/).
Proof. Set Dx = {y G R": 0 < yt < 2m, i = 1, D2 = |y G R": y < yi < ^, i = 1,..., «|.
By Theorem 1, given any u> > 0, (3) has an cu-periodic solution x(t, x0(co)) satisfying ffi 3 A/ y < x^t, x0(co)) < t G R, i = I, , n.
Applying [17, Lemma 2], we know that there is x* G R" with f < x* < ™, i = 1, ... , n such that x(t, x*) = x*, (gR.
By the continuous selection theorem (I), x{t, x*) is a solution of (3). Hence 0 eF{x*), which proves the theorem.
